I. INTRODUCTION
G RAPHENE a truly two-dimensional material consisting of a single carbon-atom layer, has attracted tremendous interests due to its unique electrical and optical properties [1] , [2] . Indeed, the optical properties of graphene resulting from its unique electronic band structure are considered as the appealing features for the design of nanophotonic and optoelectronic elements. More interestingly, graphene plasmonics is emerging because it can not only confine electromagnetic fields into much smaller lateral spreading than metallic plasmons, but also be easily tuned by electrostatic gating or chemical doping over a broad frequency range [3] - [6] . Design and realization of integrated photonics by graphene-based plasmoinc waveguides with low-loss, long propagation distance under a wide range of frequencies is highly essential [7] .
In order to efficiently and accurately analyze the optical response of graphene plasmons, advanced numerical methods are required for the simulation of complex plasmonic nanostructures. Besides the analytical methods for canonical geometries [8] - [10] , many numerical methods are also developed to simulate guided plasmonic modes for complex graphene-based structures. Among them the finite-difference time-domain (FDTD) method and the finite element method (FEM) are the most popular ones [11] - [15] , and the main numerical implementations of graphene are: (a) by considering graphene as a zero thickness sheet, the surface current with complex conductivity has been employed in FDTD method [16] , [17] ; (b) by assuming graphene as a thin sheet with a finite thickness, the surface conductivity can be converted to volumetric permittivity [18] . Due to simplicity and feasibility, most of the published works and the commercial softwares have modeled graphene by the latter approach, i. e., treating graphene as a finite-thickness sheet [19] , [20] . However, from the viewpoint of computational electromagnetics, the direct discretization of graphene finite-thickness sheet yields an extremely fine mesh as well as an enormous number of unknowns. This is undesirable especially for time domain simulations, as stability requires extremely small time steps. Therefore, high costs of CPU time and memory are unavoidable to guarantee the numerical accuracy.
Fortunately, impedance boundary conditions (IBCs) have been introduced to eliminate thin sheets from the computational domain, such as impedance network boundary conidtions (INBCs), surface impedance boundary condition (SIBC), and impedance transmission boundary condition (ITBC) [21] - [24] . By describing the field inside a conductive sheet using the twoport network equations, INBCs have been efficiently implemented in both FDTD and FEM [21] , [22] . In the meantime, the SIBC is proposed by Leontovich based on the assumption that the variation of the field along the surface is small compared to that inside the thin conductor sheet, and it is applicable to the thin sheet with thickness smaller or comparable to the skin depth [23] . However, for graphene up to the THz band, the skin depth is larger than the thickness of graphene, and the electromagnetic fields become almost transparent, so the ITBC is more suitable to describe the mutually dependent tangential electromagnetic fields on both sides of the graphene surface [24] .
In this work, we present the mixed finite element method with ITBC (mixed FEM-ITBC) for graphene-based plasmonic waveguides. The proposed method is based on the new weak form in [25] - [27] to suppress all the spurious modes, and incorporates ITBC to exclude graphene thin sheet from computational domain for efficient calculation. It unitizes the second order curl-conforming (LT/QN) edge elements to discretize the transversal components of the electric field, and the second order nodal-based scalar basis functions to expand its longitudinal component. Compared with the previous method, the new contributions of this work are: (a) the mixed finite element method with the ITBC (mixed FEM-ITBC) is proposed for the first time to suppress all spurious modes and to efficiently analyze graphene plasmonic modes; and (b) besides the implementation of ITBC in the transversal components of vectorial Helmholtz equation, the ITBC formulation in Gauss' law is first investigated and incorporated in this paper. The numerical performance of the graphene nanoribbon sandwich waveguide , graphene-on-conductor plasmonic waveguide, and the graphene wedge waveguide are considered and thoroughly analyzed in this paper.
The paper is organized as follows. Section II describes the theoretical foundation of the mixed FEM approach, and the validation and implementation of ITBC for the graphene plasmon. Section III presents numerical results of typical graphene-based waveguides to verify the proposed method. Finally, conclusions are drawn in Section IV.
II. GOVERNING EQUATION
The waveguide problem is known as a 2.5-D problem as the fields are three-dimensional while the geometry is twodimensional. In this section, we first express the 2.5-D mixed FEM for the waveguide problems with anisotropic media, and then illustrate the validation and implementation of the ITBC for the graphene plasmonic waveguides within the mixed FEM and the ITBC formulations for the Gauss' law.
A. 2.5-D Mixed FEM
The fields for the 2.5-D waveguide problem are threedimensional while the medium properties (ε,μ) are the twodimensional functions. By assuming that the guided modes propagate along the z direction, the electric and magnetic fields can be expressed as
where e(x, y) and h(x, y) are the two-dimensional vector phasors; k z = k z − jk z denotes the propagation constant with the attenuation constant k z and the phase constant k z . By splitting the fields and the ∇ operator into the transverse components and the longitudinal component, and e(x, y) = e t + e zẑ , the vector Helmholtz equation as well as the Gauss' law with the anisotropic media can be described as
∇ t ·ε rt e t − jk zεrz e z = 0, here the materials are transversally anisotropic tensors, e.g.,
whereε rt andε rz are the transversal and longitudinal parts of the relative permittivity, respectively. The same notations are applied forμ r . k 0 = ω √ ε 0 μ 0 is the free-space wave-number, and ω is the angular frequency [28] , [29] . Perfectly electric conducting (PEC) boundary condition is imposed here for simplicity
While for open waveguides, perfectly matched layer (PML) is used as a truncating material, and the PML is backed by the PEC boundary condition.
The weak form in the FEM framework can be written as:
where
is the Hilbert space. For the 2.5 D waveguide problem, (4a) with (4b) and (4a) with (4c) are equivalent for k z = 0, but not for k z = 0. The traditional FEM uses (4a) and (4b), thus allowing non-physical spurious modes with k z = 0. To suppress the spurious modes, the tangential part of the vectorial Helmholtz equation (4a) with the Gauss' law (4c) is preferred in the mixed FEM.
B. Validity of the ITBC for Graphene
As shown in Fig. 1 , a thin conducting sheet of finite thickness is represented geometrically by a one-dimensional curve L in the 2-D waveguide cross section modeling. This is applicable to the scenario where the thickness τ of the conducting sheet is much smaller/thinner than the skin depth δ and the wavelength, and the radius of curvature is large compared to the thickness which excludes sharp edges and corners. The electromagnetic fields on one side of the conducting sheet can penetrate to the other side. In order to take into account the mutually dependent relation, the ITBC utilizes the transmission line theory to express the tangential components of the electromagnetic fields on the opposite sides of the surface L as follows [30] 
where {n 1 , n 2 = −n 1 } are the outward unit normals of ITBC, {e 1 , h 1 } and {e 2 , h 2 } are the electromagnetic fields on the dual surface of ITBC, respectively.
, and Z 11 = −jωμ/(k tan kτ ), Z 12 = −jωμ/(k sin kτ ), τ is the thickness of the conducting sheet, and k is the complex wavenumber k = ω √με = β − jα. The skin depth and wavelength of the one-atom-thick graphene are first considered to validate the feasibility of ITBC. The skin depth and wavelength of a lossy medium are written as
The graphene surface conductivity can be expressed as σ g = σ intra + σ inter (Unit: S) with the intraband and interband contributions giving by Kubo formula [31] 
where μ c is the chemical potential or Fermi level, Γ is the phenomenological scattering rate, T is the temperature, e is the electron charge, and is the reduced Planck constant. The permittivity of graphene is determined byε = 1 − jσ g /(ε 0 ωτ ). The ratios of skin depth and wavelength to the thickness of graphene have been shown in Fig. 2 . It can be seen that the thickness of graphene τ is much smaller than the skin depth δ. Furthermore, it is also much smaller than wavelength in graphene. Therefore, in the numerical simulation of waveguide mode analysis, graphene can be readily replaced by an ITBC in the 2-D cross section of the structure in the frequency range of 1-600 THz.
C. ITBC Implementation in the Mixed FEM
Due to the discontinuity introduced by excluding graphene from the computational domain, the weak form (4a) is modified by adding the surface integrals as follows
where L is the ITBC surface, n is the outward unit normal which can be either n 1 or n 2 . Applying μ −1 rz ∇ t × e t = −jωμ 0 h zẑ and taking the tangential component of (5) we can obtain the following formulation
The detailed implementation of the ITBC is illustrated by the two opposite triangular elements sharing the graphene sheet in Fig. 3 . We employ the LT/QN edge elements to expand the tangential electric field e t , and the second order nodal basis functions to approximate the longitudinal component e z . Let e t and e z be respectively approximated in the Kth triangular element by
e zn ψ n (10) where e tm is the tangential electric field along mth edge, Φ m is the LT/QN vectorial basis function associated with mth edge, N e = 8 is the number of edge-based basis functions per element. e zn is the longitudinal electric field at nth node, ψ n is the nodal basis function, and N d = 6 is the number of second-order nodal basis functions in one element. By substituting (10) and (9) into (8), we can obtain the following matrix formulation for the two coupled elements shown in Fig. 3 :
where e t,T 1 and e t,T 2 denote the unknowns of the transversal electric field associated with triangular element T 1 and T 2 , respectively, and similarly e z ,T 1 and e z ,T 2 represent the corresponding longitudinal degrees of freedom. The elemental matrices can be expressed as:
can be calculated in the same way but with the basis functions belonging to the element T 2 . I 11 , I 12 , I 21 , I 22 are N e × N e matrices deduced by the surface integrals of ITBC whose ij coefficients are given by
where i, j = 1, 2, · · · , 8. From (13) we can see that I 11 = I 22 and I 12 = I 21 due to the fact that the two adjacent elements have the common edge L, and I 11,ij and I 12,ij are not equal to zeros only if both edge elements basis function Φ i and Φ j are along the common edge L. Utilizing the covariant mappings to preserve the continuities of the curl-conforming vector basis functions and scalar nodal basis functions, we can finally obtain the assembled matrix equation
where e tn and e zn denote the global unknowns of the electric field for the transversal and longitudinal components, respectively. Now let us turn to analyze the discontinuity in the Gauss' law (4c). We note that the second term ( rz e z , q) in (4c) is equal to the third term of (4b) by dividing k 2 0 [32] . Therefore, the discontinuity introducing by an ITBC in Gauss' law is similar to that of (11), but with the coefficient equal to jωμ 0 /k 2 0 instead of −jωμ 0 . Adding the discontinuity introduced by the ITBC in (4c) , the corresponding weak form is expressed as (ε rt e t , ∇ t q) + jk z (ε rz e z , q)
The same ITBC implementation process is used to discretize (15) 
In order to calculate the quadratic eigenvalue problem, let e new tn = jk z e tn , then (14) and (16) 
When we solve the eigenvalue problem (17), it shows that the mass matrix of the right term (17) is ill-conditioned. We investigate the dimensional homogeneity of (14) and (16) to improve the condition number, and let (16) The new system is well-conditioned and has no spurious modes because Gauss' law is applied.
III. NUMERICAL RESULTS
In this section, we will employ the proposed mixed FEM-ITBC method with the stretched coordinate PML to compute the waveguide modes for several graphene plasmonic waveguides in literature to validate the proposed approach. The proposed method has been fully programmed in MATLAB and the highquality meshes are generated by COMSOL Multiphysics TM . A graphene sandwich waveguide is investigated to validate that our formulation is highly efficient and can preserve the FEM accuracy. Next, a strongly confined graphene-on-gold plasmonic waveguide is efficiently simulated with different spacer thicknesses and Fermi levels. Finally, a complex geometry with graphene wedge is studied in the terahertz-infrared band.
A. Graphene Nanoribbon Sandwich
The waveguide of a graphene nanoribbon sandwich is firstly simulated for the purpose of validation [33] - [36] . As shown in Fig. 4 , it consists of two identical graphene ribbons vertically offset with a nanometer gap of dielectric stripe with refractive index n d . It has been revealed that strongly confined plasmonic modes will travel along the z direction. In order to clearly compare the simulation results with that in [36] , the same physical parameters are employed here, and the graphene is assumed to be an isotropic medium with thickness of 0.5 nm. The conductivity σ g is calculated by (6) and (7) with T = 300 K, μ c = 0.5 eV, and Γ = 0.1 meV. The equivalent permittivity isε r = −367 − j1.67 at the operating wavelength 10 μm. The whole computational domain is 20 μm × 20 μm with the four sides of the domain truncated by the PML, and the PML layer is 5 μm thick on each side. In [36] , the maximum element size is set to be τ /2 for the thin graphene ribbons to have adequate accuracy, and the entire computational domain is decomposed into 58278 triangular elements, resulting in 408035 unknowns. In contrast, in this work by excluding the two graphene sheets from the computational domain and replacing them with two ITBC lines, the entire domain only yields 11212 elements, including 81011 unknowns. Fig. 5(a) shows the very fine discretization of the finite element (FE) mesh near the two graphene sheets (without using the ITBC) within the domain of [−160, −130]× [−6, 6] nm, while Fig. 5(b) gives the FE mesh by implementing the ITBC to model the graphene nanoribbons within the same inset domain. To emphasize the location of the nanoribbons, they are denoted with the solid lines. It is clearly illustrated that an enormous number of elements have been saved with the ITBC, and only a small number of DOF is needed for the simulation.
By employing (18) , the condition number of the mass matrix can been effectively decrease to 1.58 × 10 11 from 1.29 × 10 35 . Therefore, numerical results can be accurately calculated. The obtained results |k z /k 0 | for the first twelve modes are shown in Fig. 6 where excellent agreement can be observed between the proposed mixed FEM-ITBC results and the FEM solutions, and the average relative error is 0.6%. Besides the good accuracy of the proposed method, Table I demonstrates the CPU time and memory costs. The required time to solve this case in the mixed FEM-ITBC is only one thirteenth of that from the conventional FEM. The memory cost of the proposed method is only about 38 percents of FEM. Fig. 7 presents the electric field |e| distribution for the first three bonding modes and the anti-bonding Mode 12. For bonding modes, the electric energy concentrates in the gap between the two graphene sheets and is symmetric with respect to the center of the graphene, while the anti-bonding mode has no field in the gap and the electric field is just present itself at the two ends of the sandwich.
B. Graphene-on-Gold Plasmonic Waveguide
The graphene-on-gold plasmonic waveguide geometry is shown in Fig. 8 by depositing a single graphene ribbon on top of a spacer and a gold substrate [37] . It works at λ 0 = 10 μm with graphene of T = 300 K and Γ = 0.1 meV. The computational domain dimensions are set to be 1 μm × 1 μm, and all of the four exterior boundaries are truncated by the PML with a thickness 0.2 μm. Various parameters of Fermi levels μ c = 0.2 eV, μ c = 0.7 eV, and the spacer thicknesses G = 2 nm and G = 4 nm are investigated. Fig. 9 gives the mode spectrum. It plots the normalized propagation distance L p /λ z versus the normalized wavevector Re(k z /k 0 ) on a log-log scale, where λ z = 2π/Re(k z ) is the plasmonic propagation wavevector, and
It can be seen that tuning the Fermi level μ c rather than the geometry parameter can significantly affect the plasmonic modes, which is one of the most attractive characteristics of graphene. Numerical results from COMSOL with graphene sheet are presented in Fig. 9 as well. Good agreement can be realized between the proposed mixed FEM-ITBC and COMSOL. However, the latter will have a more expensive computation. For COMSOL with graphene sheet, the number of unknowns for G = 2 nm (G = 4 nm) is 289055 (317937). On the other hand, for the proposed method of mixed FEM-ITBC, only 66506 (73968) unknowns are needed for G = 2 nm (G = 4 nm), which is one fourth of that of COMSOL. Simulating graphene with ITBC is efficient without losing its accuracy. The computational costs for the waveguide with G = 4 nm and μ c = 0.7 eV are shown in Table II . It can be observed that compared with the conventional FEM with graphene sheet, the mixed FEM-ITBC method can achieve the same level of accuracy with much less computational costs.
C. Graphene Wedge Waveguide
Lastly, we simulate and investigate the graphene wedge waveguides whose geometry is shown in Fig. 10 [38] . A graphene is conformally coated on the surface of a wedge structure. The graphene wedge waveguide will support extremely localized yet low-loss plasmonic modes in the vast range of terahertz-infrared. For ease of comparison with the results in [38] , the same parameters have been used here. The apical angle of the wedge is set to be θ = 20
• and the height is h = 50 nm. 2 nm and 5 nm curvature radii are applied to round the top and bottom corners of the wedge, respectively. The graphene spreading distance p is 20 nm. The entire computational domain is 2 μm × 2μm, involving 4336 triangular elements and Fig. 11 . The dispersion of the normalized propagation constant and the normalized propagation distances versus the operating frequency for the graphene wedge waveguide in Fig. 10 . Data represent by symbols −, −− are results extracted from [38] . 30988 DoF. It can be seen that in Fig. 11 the dispersion of the normalized propagation constant Re(k z /k 0 ) and the normalized propagation distances L p /λ 0 from the proposed method have good agreement with those from [38] . Furthermore, the electric field distribution |e t | of the first two plasmon modes are shown in Fig. 12 . For Mode A, the electric field concentrates in the two terminations of the graphene, while for Mode B, the main field distributes much more in the wedge.
IV. CONCLUSION
An efficient and accurate mixed FEM coupled with the ITBC (mixed FEM-ITBC) has been proposed. It incorporates the Gauss' law into the vectorial Helmholtz equation and models a one-atom-thick graphene sheet as a one-dimensional line by employing the equivalent boundary (ITBC). By introducing the ITBC, the very fine discretization mesh of graphene is avoided, resulting in a significant improvement of simulation efficiency. The ITBC for Gauss' law has been first formulated, and the proposed method has been verified in different graphene-based plasmonic waveguides to show its high efficiency and accuracy. The numerical results clearly demonstrate that the mixed FEM-ITBC method can keep the FEM accuracy but with less computational costs, and is an efficient alternative method to determine the optical waveguide modes and model the EM response of graphene based devices. Furthermore, the implementation of the proposed method for other 2D materials is our future study.
